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COEXISTENCE THEOREMS OF STEADY STATES
FOR PREDATOR-PREY INTERACTING SYSTEMS

LIGE LI

ABSTRACT. In this paper we give necessary and sufficient conditions for the existence
of positive solutions of steady states for predator-prey systems under Dirichlet
boundary conditions on @ € R". We show that the positive coexistence of predator-
prey densities is completely determined by the “marginal density,” the unique
density of prey or predator while the other one is absent, i.e. the (u,,0) or (0, v,).
More specifically, the situation of coexistence is determined by the spectral behavior
of certain operators related to these marginal densities and is also completely
determined by the stability properties of these marginal densities. The main results
are Theorems 1 and 4.2.

1. Main results. In this paper we give necessary and sufficient conditions for the
existence of positive solutions to the following system:
Au + uM(u,v) =0,
(1) dAv + v(g(u) — m(v)) =0,
(u,0) 159 =(0,0), Q&R

where A is the Laplacian Au =Y/  u, . M is a C! function and is globally
Lipschitzian, and is assumed to satisfy the so-called prey growth rate conditions (see
Figure 1)

M,) M, (u,v) <0 for u,v > 0.
In addition

M,) M, (u,0) <0foruz0.

(M;) There exists a constant C;, > 0 such that M(u,0) < 0 for u > C,.

(M,) M(0,0) > 0.

M(u,0)

FIGURE 1
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The functions g and m belong to C'(R) and are increasing functions satisfying
g(0) — m(v) < 0 for v larger than some constant C,.
In order to state the main result a lemma is in order.

LEMMA 1.1. Let ¢ be a strictly decreasing function, ¢(u) < O for large u.

(1) If ¢(0) > A,, then the equation —Au = u¢(u), u|,q = 0 has a unique positive
solution.

(1) If ¢(0) < A, then the above equation has no positive solution, i.e. u = 0 is the
only nonnegative solution.

Here A\ is the first eigenvalue of — A for the region § with homogeneous Dirichlet
condition.

Lemma 1.1 and its proof are well known, see, for example, [4]. Under the above
hypotheses about the functions M, g and m the system (1) is a steady state system
for the predator-prey problem. We shall see the importance to the system (1) of the
component u or v while the other one is absent, that is, the solution (u,,0) and
(0, vy) of (1) under certain conditions. According to Lemma 1.1, we have the unique
solution (u,,0) to (1) with u, > 0 provided M(0,0) > A,, and the unique solution
(0, v,y) to (1) with v, > 0 provided g(0) > A;d + m(0) and m is strictly increasing.
Notice that the latter case means a positive density of predator could exist even
without the prey, the food source. In and only in this case, in order to get a positive
prey density coupled to a predator density, we make an additional hypothesis:

(MM) M@0, v) > M(u,v) for u,v > 0.

Biologically, (MM) indicates that a maximal birthrate of prey occurs at its absent
state.

Our first result is the following theorem.

THEOREM 1.A. If m # 0, then the positive solution (u,v) of (1) has a priori bounds
0<u<B,0<uxB,

(A1) If M(@,0) < A, g(0) <A d+ m(0), then (0,0) is the only nonnegative
solution of (1).

(A.2) If g(0) < Ayd + m(0), then (1) has a positive solution (u,v) iff M(0,0) > A,
and the first eigenvalue of the operator &/ = dA + [g(uy) — m(0)]1 is positive.

(A.3) If g(0) > A\, d + m(0), we assume (MM). Then (i) has a positive solution
(u,v) iff M(0,0)> X\, and the first eigenvalue of the operators /= dA +
[g(ug) — m(0))I and B = A + M(O, vy)I are both positive.

THEOREM 1.B. In case m = 0, we assume in addition g(0) < 0 and (Ms): There
exists 8 > O such that M,(u,v) < —8 for 0 < u < Cy, v > 0. Then there are a priori
bounds B,, B, for a positive solution of (1). Moreover,

(B.1) If M(0,0) < A,, then (0,0) is the only nonnegative solution.

(B.2) (1) has a positive solution (u,v) iff M(0,0) > X\, and the first eigenvalue of
& = dA + g(u,)l is positive.

REMARK. (1) From the biological point of view the case of (A.2) rules out the
possibility that the predator has positive density in the absence of prey.
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(2) Theorem 1 includes many well-known systems and results as special cases.
Examples include the quadratic system

(i)

M(u,v)= —au —bv +c,

glu) —m(v)=eu—fotg,  m(v)=p, g(u)=cuzyg,

where a, b, ¢, e, f, g are positive numbers; see [5, 8, 12, 14, 17]. It is interesting to
mention here that the usual monotone technique does not work very well for the
above system because the existence of a small positive lower solution will require
somewhat severe restrictions on the above system. As a consequence many models
are ruled out, for example, when f = 0 (see below).

(i) M(u,v)= —au — bv + c,

il

g(u)=u-1y, m=0,a,b,c,y>0.

This case was only discussed as an ODE system before. In the PDE case one has to
estimate the a priori bound of the solution v. Our Theorem 1.B solves this problem.

- M(u,0) = o(u) = 04 (w),
8(u) = kup(u) =y, m=0,

where Y (u) = c/(d + u), ¢ satisfies
(®,) ¢(0) > 0, ¢'(u) <0 for u>0,
(®,) ¢(u) < 0 for some constant u > C, > 0.

2. Preliminary theorems and lemmas. In this section we introduce two theorems
due to E. N. Dancer and N. Alikakos and give improvements of them. Additionally,
we shall prove some lemmas which are useful in the sequel.

(A) We first follow the notations given in Dancer [11]. Let E be a Banach space.
W = E is called a wedge in E if (i) W is a closed convex set and (ii) aW € W for
every real a > 0. A wedge W is called a cone if W N (—W) = {0}. Let W, = {x €
E|y + yx € W for some y > 0} where y is an arbitrary element in the wedge W.
Then:

O W,={x€E|y+0xe Wfor0 <8<y, for some y > 0}.
(i) W, is convex, W, 2 {(—y} U {y} U W.

(iii) W, is also a wedge.

Let S, ={xe Wy| —-x € Wy}; then S, is a linear subspace of E. Let L be a
compact linear operator in E with L(Wy) c Wy L is said to have property a if

there is a ¢ € (0,1) and an element w € Wy\ S, such that w — tLw € §,. Dancer’s
theorem can be stated as follows (see §§1, 2 of [11]).

THEOREM D. Let W be a wedge in a Banach space E and A: W — W be a compact
map with fixed point Ay, =y, € W. Let L = A’(y,) be the Fréchet derivative of A at
Yo- Then L maps W into itself.

(1) Assume I L is invertible on E and L has property a on Wy, then
index, (4, y,) =

(i) Assume also that I — L is invertible on E. If L does not have property a, then
index (4, y) = £ 1.
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Note. By index (A4, y) we mean the degree deg, (I — 4,U(y),0), where U(y) is
a small neighborhood of y in W. It is well known that deg,, (I — A4, U(y),0) does
not depend on the choice of U(y) as long as it is small enough. Notice that in order
to define a Leray-Schauder degree, W should be a retract in the Banach space E.
By an important theorem of Dugundji, every nonempty closed convex subset
of a Banach space E is a retract of E. Our wedge is hence a retract of E.
deg,, (I — A,U,0) # 0 implies that there is a fixed point y € U of A. For more
details see [2].

In investigating the quadratic system

—Au=au(l —u) —uw, —-dAv=v(-v+m(u—1v)), (u,0)|se=1(0,0),

where a > A, m and y are positive constants with 0 < y < 1, Dancer [12] in 1984
gave a necessary and sufficient condition for the existence of a positive solution to
the above system. His proof was based on Theorem D, but this theorem cannot be
applied to the above system, since the condition that / — L is invertible on E does
not hold. In order to apply the index theorem to our elliptic system (1), we give an
improvement to Theorem D as follows.

THEOREM D’. Let y, € E be a fixed point of A.

(1) Assume I — L is invertible on Wm\ {0}. If I - L: W‘_n - I'i_/‘.” is not a
surjective map, then index,, (A4, y) = 0. ' ' '

(1) Assume I — L is invertible on —W‘,“. If L does not have property a then
index (A4, y)= +1. '

Theorem D’ can be proved by a straightforward modification of the proof of
Theorem D in [11].
(B) Next we state a result obtained by N. Alikakos [1] in 1979. (See §4 of [1].)

THEOREM A.! Let (u,v) be a positive local (in t) solution of

u,=dydu + f(u) — ¢(u,v),
v,=d,Av — g(v) + ko(u,v),

(- 50)
dn’ on

where 0 < u(x,0) < u,0 < v(x,0) < 0,0 < ¢(u,v) < p(u)v’, the function p(u) is a
continuous monotone nondecreasing function of u, 1 <o <(n+2)/n, n=dimQ,

f(0) =0 = f(C,) wher f(x) <0 for x > C,, and g(v) > pv for some p > 0 and all
v = 0. Then u, v can be extended to a global solution over 0 < t < oo and

- (0,0),

a9

lim max v(x.1) < C
t— e XEQ

where the constant C is independent of the upper bounds u, v of the initial data.

'In reviewing this paper, the referce pointed out that in Theorem A and Theorem A below, it is
necessary to emphasize the strictness of the second incquality of 1 <o < (n + 2)/n.
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The proof of Theorem A in [1] is based on a result of Conway and Smoller (see
Theorem 3.2 of [9]) which says that li_m, SollvCx, Dl < €y, C; being some positive
constant.

A modification and improvement of Theorem A can be obtained as follows.

THEOREM A'. (i) If in Theorem A the boundary condition (du/dn,9v/dn)|yq =
(0,0) is replaced by (u,v) |0 = (0,0) then lim,_, maxV(x,t) < C’, where C’ does
not depend on v (but might depend on u) and C’ does not depend on the diffusion rate
dO.

(ii) For dv/dt = dAv — g(v) + a(x)p(v), d >0, v|30=0, v =0, g(v) = pv,
p>0 0<e¢(v)<v® with 1 <o <(n+2)/n and a(x) is bounded. If
l_i_E,_, o fqu(x,t) < C; where C, is independent of the bound of v(0, x), then
lim max o gV(x,t) < C, where C is independent of the bound of the initial data

t— 00

v(0, x).

The proof of Theorem A’ is based on the technique employed in [1] combined with
the following facts. A positive solution with homogeneous Dirichlet boundary
conditions and certain smoothness of its coefficients must have a nonpositive
derivative along the outward normal: du/dn|,, <0, dv/dn|,, < 0. Hence ap-
propriate results in Conway-Smoller [9] still hold under the Dirichlet boundary
condition, namely, lim, _, _ ||v(x,?)||;; < C|. The C{ depends on Max(C,, &), k (or
the bound of a(x)), p, meas(£) and the maximum value of f on [0, Max(C,, #)]. The
equation itself gives the following kinetic energy inequality

%(%j;lvzdx)s —de|VU|2dx—pL/Q 02+Max|a(x)|fgv"”dx.

Applying the Nirenberg-Gagliardo inequality to Jou® ™t dx, we get

%(f ”2)<(_2d+5)/ﬂ|VU|2‘M/QUZ+Max|a(x)l--]g(fgvdx)

< —vaz+Max|a(x)|-%(/vdx)= —p/ﬂvz+(~’.

So all arguments in the proof to Theorem 4.1 in Alikakos [1] will work here for the
proof of Theorem A’.

(C) We are now going to give some lemmas which play an important role in the
sequel.

LEMMA 2.1. Assume a(x) € L*(R). Denote by A\(L) the principal eigenvalue of
the linear operator L. Let u be a function satisfying u > 0 in Q with u| ,o = 0.
() If 0 # (A + a(x))u > 0 then A (A + a(x)])> 0.
(1) If 0 # (A + a(x))u < 0 then A (A + a(x)]) < 0.
(i) If (A + a(x))u # 0 then N\ (A + a(x)])= 0.

PROOF. (i) Let 8(x) be the eigenfunction corresponding to the principal eigenvalue
py = A (A + a(x)I). Without loss of generality, we can assume 6(x)> 0 in €.
Then 0 < [o(A + a(x))ud = p, [oub, hence p, > 0. (Notice that since (A + a(x))u
# 01t follows that u # 0, and 8(x) > 0, the “ground state” 6 is known to have nice
regularity properties and we have 0 < [, (A + a(x))ufdx.)
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(i) We need only to switch the sign in the proof of (i).
(1i1) 0 = p, foubdx withu > 0, u £ 0, § > 0. This implies p, = 0. O

LEMMA 2.2. If f€ Lip(R) (i.e. f is Lipschitzian on R to R), —Au > f(u),
—Av < f(v),u#tv<uinQ, thenu > vinf.

Proor. It follows immediately from the strong maximum principle that either
u=voru>vinQ. O

LEMMA 2.3. Assume T is a compact positive linear operator on an ordered Banach
space. Let u > 0 be a positive element. We have the following conclusions.
() If Tu > uthenr(T) > 1.
() If Tu < uthenr(T) < 1.
(i) If Tu = uthenr(T) = 1.

Here and throughout this paper, r( L) denotes the spectral radius of the operator
L.

PROOF. (iii)) Tu = u implies that 1 is an eigenvalue with positive eigenfunction u.
The conclusion now follows from the Krein-Rutman theorem (see Theorem 3.2 in
2]),1e.1 = r(T).

(i) Let Tu > u and suppose r(T)< 1. Since 1 - u — Tu < 0 and u > 0, by the
Krein-Rutman theorem again, r(T)# 1. Suppose now r(T) < 1. Since a=1 -
(—u) — T(—u) >0 then by the Fredholm alternative there must be a unique
solution v of @ = 1 - v — T(v) and furthermore, by the Krein-Rutman theorem once
again, this solution is positive, therefore (—u) > 0. This contradiction shows r(T") >
1.

(1) Tu < u implies 1 -u — Tu > 0. A similar argument to that in (i) shows
1>r(T). 0O

LEMMA 2.4. Let a(x) € L®(82). Then \,(dA + al) > 0 implies
r[(—A +P) Ydla+ P)I] >1,
where P is any positive constant satisfying P > d™!||a|| ;.

PROOF. There is an eigenfunction ¢, > 0 such that (dA + a)¢, = A (dA + al)¢,
> 0. Therefore (—A + P)¢, < (d la+ P)¢,, 50 ¢, < (—A + P)"}(d 'a+ P)¢,.
But (—A + P)"Y(d 'a+ P)I is a compact positive linear operator, hence by
Lemma23, r[(—A + P)"Y(d 'a+ P)]>1. O

(D) In this section we briefly recall some well known facts. If 4 is a second order
uniformly elliptic operator, consider the parabolic equation

u,=Au+ f(x,u) onQ X R"

and its steady state, the elliptic equation 0 = Au + f(x, u).

The notion of a solution u of the steady state equation being a stable or
asymptotically stable solution of the corresponding parabolic equation can be defined
in the usual way, for example, see Chapter 10 in [18]. The following is a version of a
well-known result (see Theorem 10.5 in [18]).
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LEMMA 2.5. Consider Au + f(x,u) =0, ul;q = h(x). Let vy, u, be a lower and
upper solution to the above equation and let u be the unique solution of it with
Vo < U < uy. If u(x,t) is any solution of the parabolic equation u, = Au + f(x, u),
Ulyaxr, = h(x) with vy < u(x,0) < u,, then u(x,t) > u(x) as t > oo, so u is
asymptotically stable.

We need the following lemma.

LEMMA 2.6. If f(x)/x is strictly decreasing for x > O with f(x) < 0 for x > some
constant C,, then the positive solution of —Au = f(u), u|yq = 0 is asymptotically
stable.

PrROOF. By Lemma 1.1 the positive solution u, to —Au = f(u) with u|,q = 0 is
unique, and by the general maximum principle it must satisfy 0 < u, < C,. It is easy
to see that u = C, is an upper solution while u = 0 is a lower solution. (Notice that
our assumption about f(x) implies that f(0) = 0.) Our lemma now follows from
Lemma2.5. O

(E) We want to prove the following proposition.

PROPOSITION 2.7. Let f(u)/u be strictly decreasing with f(u) < 0 for u > C, and
let f'(0) > A,. Thus we have a unique positive solution uy of —Au = f(u), u|,q = 0.
Then w = 0 is the only solution of the linearization —Aw = f'(uy)w, w|,q = 0.

PROOF. (1) By the general maximum principle u, < C,. Thus by Lemma 2.2,
0 < uy, < Cy, s0 f(uy) > 0.

(2) By Lemma 2.6, u, is asymptotically stable with respect to the parabolic
equation u, = Au + f(u), ulyq.gr,= 0, so the spectrum of the operator A + f'(u,) - I
lies on the real semiaxis ( — oo, 0]. This proposition claims that g < 0. We shall prove
this claim by using bifurcation techniques. Consider now the following equation

—Aw = 0f (uy)w, wle =0

where 8 € [1 — €,1 + ¢] is a positive number close to 1 such that 8f’(0) > A, and
therefore the equation

F(u,0)=Au+ 0f(u) =0, ulyo =10

has a unique positive solution u,, for each such given 8 with f(u,,) > 0 for the
same reason as that in part (1) of this proof.

(3) We are going to show that at § = 1 our problem undergoes some sort of
secondary bifurcation. Indeed, what we employ here is the proof of the Crandall-
Rabinowitz bifurcation theorem (see [10 or 18]). Our first step is to verify the usual
three conditions under which bifurcation occurs.

(i) First suppose there is a w, # 0 satisfying —Aw, = f'(uy)w,y. Wylaq = 0; then
zero is the principal eigenvalue of the operator &/= A + f’(u,)Il. By Lemma 2.6, the
spectrum of ./ lies in (— 00, 0], so we may assume that wy(x) > 0 for x € € and
that zero is a simple eigenvalue: dim(Ker«/) = 1. Here &7 is the Fréchet derivative
D, (Au + 6f(u)) at u, and 8 = 1, where u, = u,.
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(i) Second, by the well-known selfadjoint property of A + f’(u,)! under zero
Dirichlet boundary condition and the Fredholm alternative, codim(%#(%/)) =1
where Z(%/) is the range of & and ¢ € (&) iff [ow, = 0.

(i) We claim [ Dy D, (Au + Of (u))], - ,,.0-1(Wo) & (). To see this notice that

[DaDu(A“ + Of(u))]|u=u",0=l(w0) = f"(up)wp,

and

j;zf,(“o)wowo= _/Q(Awo)wo= j;) |VW0|2*O

because w, # 0 with wy| ;o = 0. This proves cur claim.

Combining (i)-(iii), it follows that at § = 1 we can get some bifurcation about
Au + 6f(u) = 0 (or equivalently, we can employ the implicit function theorem) and
we get the solution

=u(s) = uy+s(wy + ¢(s))

and 1 — e < 0(s) < 1 + esatisfying Au + 8f(u) = 0 with ¢(0) = 0, (0) = 1, where
s is in a neighborhood of zero; 6(s) passes across 1 when s crosses zero and
(s) € (wy)* = Z(&). For small positive s,, since uy, w, > 0, ¢(0) = 0, it follows
that u; = u, + s;(w, + ¢(s,)) is positive in Q. Notice that

—Aug = f(uy), —Awy=f"(uq)w,.
Thus we have
Au, = Auy + 58w, + 5,49
or
—Au, = —Augy — s,8wy — 5,86 = f(uy) + 5, (ug)wy — 514¢.
On the other hand,
—Auy = 0(s,) /() = 0(s)[ £(uo) + £ (ug) (5305 + 516(s1)) + 8]

by using the Fréchet derivative at u, where ||8||/s; — 0 as s; — 0. We thus have the
following equality:

fug) + s0f " (ug)wy — 5,49 = 0(51)[f(u0) + 1 (o) (5w + 514’(51)) + 8]-
A simple manipulation yields
(1= 8(s,)) f(uo) + s:(1 - 0(51))f’(“0)wo — 5180¢ = 51f"(ug)9(s) + 0(s)8.
Dividing by s, and multiplying by w,, we get
s (1 - 0(51))f(“0)wo +(1- 0(s1))fl(“o)woz
= (f"(up)o + A¢)wy + 57160 (s,)wp.

Next take the integral on both sides and notice that

fﬂ(f’(“o)'lb‘*'A‘P)Wo:f;z(f,(“o)W0+Awo)¢’=0-
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Letting s; — 0 we thus have 6°(0) [o f(uy)w, = 0. The statement that 6(s) passes
across 1 at s = 0 means 6’(0) # 0, therefore [ f(ugy)w, = 0. But wy > 0, f(uy) > 0.
This contradiction proves that w, = 0, and hence completes the proof of our
proposition. O

Note. Smoller, Tromba and Wasserman in [19] obtained interesting results of the
one dimensional space setting by employing a one dimensional covering space
technique.

3. A priori bounds.
(A) m # 0. The first equation of the system

—Au=uM(u,v),

M —ddo = o[g(u) —m(0)], (.0 lsq = (0.0).

can be written as
—Au = uM(u,0) — u[M(u,0) — M(u,v)].

Notice that M(u,0) — M(u,v) >0 and g(u)—g(0)=>0 for u >0, v > 0. By
Lemma 1.1, the problem

(3.1) — Au = uM(u,0), Uy =0
has a unique positive solution u, provided M(0,0) > A,. Since
uM(u,0) — u[ M(u,0) — M(u,v)] < uM(u,0) foru,v>0,

if (u, v) is a positive solution to the system (1), then u is a lower solution to (3.1). By
uniqueness it follows immediately that u < u,. Since M(u,0) <0 for u > C,, the
general maximum principle gives sup, ¢ g #o(x) < C,. Therefore 0 < u < uy < Cy +
€= B,.

Now consider —dAv = v[g(u) — m(v)], v|;q = 0. The general maximum princi-
ple together with the monotonicity of g yields sup, . o m(v(x)) < g(B;). The upper
bound to v then follows from the monotonicity of m.

(B) m = 0.

In this case consider the corresponding parabolic system

(1.B), u,=Au+ uM(u,v), v,=dAv+ vg(u), (u,v)|s9xr+= (0,0)

with 0 < #(0, x) < u (< C,, of course), 0 < v(0, x) < U, where #, ¥ are the bounds
of the initial data. We shall use the theory of invariant region and f-stability (see [18,
Chapter 16]). We shall use the following well-known result (see [18, Chapter 14]).

THEOREM 3.1. Let D be a positive diagonal matrix with = a rectangle and assume
the system U, = DAu + f(u) is f-stable. Then X is invariant iff f does not point
outward at each point of 9.

Using operator semigroup theory (see [13]), one can prove that as long as f € C?
is globally Lipschitzian, the above system is f-stable.

We return to the system (1.B),. Denote by B, = max(u, C;) > 0. Then by Theo-
rem 3.1 it is easy to check that the rectangle 0 < u < B;, 0 < v < o is an invariant
region of the system (1.B),. By hypothesis (M;) for Theorem 1.B, M, (u,v) < —4@
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for 0 < u < Gy, v > 0. It follows that there is a positive constant k > 0 such that
kming, o M, (u,0)] > max,, . 8'(u) with k independent of u,v. Rewrite
(1.B), as

u, = Au + uM(u,0) — u[ M(u,0) — M(u,v)],
v, = dAv + v[g(0) + g(u) — g(0)],
(u4,0) | a9xr-= (0,0).
Use the mean value theorem to get
u, = Au + uM(u,0) + uwM,(u,0,v),
v, = dAv + vg(0) + uvg’(0,u)

where 6,6, € [0,1]. Integrating both equations over £ and noticing that
du/dn|,oxr < 0,00/0n] 39 < 0(u,v are positive solutions) gives

/Q(ku,+u,)<kfQ uM(u,0)+fgug(o)+/gvu(kM,,+g').
Since M, < 0 and k|M,| > g’, we thus have
d
ku+v)= | ku,+v,<k| uM(u,0)+ 0
dzf(” v) f“ b fQu (u,0) fgvg()

= g(O)fQ (ku + v) + kfﬂ [uM(u,0) - g(0)u]

g(O)fQ (ku + v) + C".

C’ does not depend on initial data v(0, x). Since u is bounded by C, and g(0) < 0,
by the boundedness of u(z, x) and Gronwall’s inequality it follows that
m,_,, ‘‘‘‘ fqu(t, x)dx < ¢ for some constant ¢, which is independent of the bound
of the initial data v(0, x). Using part (ii) of Theorem A’ in §2, we deduce that there
is a constant B, independent of 0 such that m,_,w max v(t, x) < B

Let us return to the elliptic system
(1.B) 0=Au+ uM(u,v), 0=dAv+vg(u), (u,v)|, = (0,0).

Then (u, v) is also a solution of the parabolic problem (1.B), with the initial data as
u(x), v(x) themselves. The independence of the bound B, to the initial data implies
v(x) = m,_,wu(t, x) < B,. Notice that since 0 < u < B, B, does not depend on u
either, in fact, if necessary, let B; = max(B,, B,) be the new B,. This gives a priori
bounds to the solution (u,v) of (1.B). O

4. Proof of Theorems 1.A and 1.B. In this section we shall complete the proof of
Theorems 1.A and 1.B.

(I) First we prove the necessity parts of both theorems. Denote the nonnegative
solution to (1) by (i, ). Since 0 < & # 0, apply Lemma 2.2 to the second equation
in (1), noticing that zero is an obvious solution we get #(x) > 0 in £. Similarly,
#(x)>0in Q. Since M, (u,v) <0 for u,v >0 and Aét + aM(i1,0) = 0, we have
A + aM(@,0) = 0, so & is a positive lower solution of the equation

Au + uM(u,0) =0, ulye =0.
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Notice that the constant C, + ¢ is an upper solution to the above equation and that
it < B, = Cy + . It follows that there exists a positive solution u, of the above
equation with 0 < & < u, < B,. Applying again Lemma 2.2, we have @ < u, in §.
Since u, > 0 by Lemma 1.1 we have M(0,0) > A,. Because u, > &, > 0, it follows
that

—ddb = 5(g(a) — m(5)) < 5(g(uo) — m(0)),
therefore dAD + [g(u,) — m(0)]0 > 0. Then Lemma 2.1 implies that
A [da +(g(ue) — m(0))1] > 0.
(Letting m = 0, we also obtain the necessity for Theorem 1.B.)

In case g(0) > A,d + m(0), we have another trivial solution (0, v,), since 9 > 0
and —dAD = 5(g(t) — m(0)) = 5(g(0) — m(d)). So ¥ is an upper solution of the
equation

—dbv = v(g(0) —m(v)),  vl4e=0.
Consider 8¢, where ¢, > 0 is the eigenfunction corresponding to A, of
—A¢; = N9y, ?1ls0=0

and & is so small that g(0) — m(8¢,) > A,d > 0 (by the continuity of m at zero and
the assumption that g(0) > A,d + m(0)). So

—dA(8¢,) = A d8¢; < 8¢,(g(0) — m(8¢,)),

whence 8¢, > 0 is a positive lower solution to the above equation. It is not hard to
prove ¥ > 8¢, provided 8 is small enough (To see this, we rewrite the second
equation of (1) as
—dAb + 5(m(0) — m(0)) = 5(g(&t) — m(0)) > 0.

The positivity of the right-hand side is due to the assumption g(0) — m(0) > A,d > 0
and g(&) — m(0) > g(0) — m(0). Notice that m(d) — m(0) > 0, and also that &
attains its minimum zero only at 9%, so by the Hopf minimum principle, 85,/9n | 5
< 0 (here we have used the regularity). Now 9¢,/dn|,o < 0 (actually, d¢,/0n| ,q
< 0), since 3%} is a closed set, there is a small 8, such that (35/9n — 6,0¢,/0n)|,q
< 0. Since (& — 8,¢,) |40 = 0 hence & — §,¢, > 0 in a neighborhood N of 9Q. We
can find a small positive 8, such that & — 8,¢, > 0 in @ \N. Let 8 = Min(§,.8§,).
Then we have & — 8¢, > 0 in Q)

By the well-known lower-upper solution technique and the fact that v, .is the
unique solution of

—dbv =0(g(0) —m(v)). vy =0,
we deduce & > v, so we have

0=Au+ aM(ia,d) < A+ aM (i1, v,) < At + aM(0, v,).

Since & > 0, by Lemma 2.1, A, (A + M(0,v,)) > 0. This completes the proof. O

REMARK. We have seen that for any positive solution (u, v) of (1), u < uy. v = v,
always hold. We have, indeed, by Lemma 2.2, u < u,, v > v,. (v, would be zero
provided g(0) < A, d + m(0).)
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(IT) To prove the sufficiency of our condition we confine ourselves to Theorem
1.A. A remark will be given later indicating the modification to the arguments
necessary for proving Theorem 1.B. The proof we are going through here is a
generalization of that in [12].

From the result of §3 we have a priori bounds 0 < u < By, 0 < v < B,. Conse-
quently there is a positive number P which is large enough that

max{ max | M(u(x),0(x))|, max | g(u(x)) = m(o(x)) |} < .
Let

A(u,v) = (=A+ P) " '[uM(u,v) + Pu, d v(g(u) — m(v)) + Po].

By the strong maximum principle, (—A + P)~! is a compact linear positive map, so
A is a direct sum of compact positive maps. It is clear that (u, v) is a solution of (1)
iff (u,v) is a fixed point of A (and this claim has nothing to do with the choice of P
as long as P is large enough). Consider the equations

{ —Au=0uM(u,v),
—dAv = Ov(g(u) —m(v)),  (u,0) s = (0,0),

where 6 is playing the role of a parameter running from zero to infinity. Let
D= {(u,v)e Cy(Q)® Cy(R)|lu< B, +1, v< B, + 1} where B;, B, are the a
priori bounds of the solution (u, v) of (1). Let K be the positive cone of C,(£2):

K={feC(2)|f(x)>0forx e, f(x)=0forx €0dQ}.

From §3 the upper bounds of u and v are independent of the diffusion rates. (Recall
that we are dealing with Theorem 1.A.) So we can assume that the positive solution
(ug, vg) of (1.A ) satisifies v, < B,, uy < B, for all § € (0, o0). Let
Ag(u,v) = (=A + P) " '[0uM(u,v) + Pu, d 0v[g(u) — m(v)] + Pv].

By the definition of D, A, has no fixed point on dD for all § € (0, c0). Hence
the homotopy invariance of degree theory tells us that the fixed point index
i(Ay, int D, K ® K) is independent of 8. Because the case (A.3) in Theorem 1.A is
the hardest one, we shall discuss mainly this case.

Let 8 € (0, A, /M(0,0)) N (0, A,d/(g(0) — m(0))), where A, is the first eigenvalue
of — A over Q under zero Dirichlet boundary conditions. Then for such a choice of 8
the system (1.A), has as its only nonnegative solution u = 0, v = 0. To see this, first
notice that under this choice of 8, uy, = 0 is the only nonnegative solution to the
equation

(1.A)g

—Au = 0uM(u,0),  u|,q=0.

Since 0 < uy < uy, always holds, therefore u, = 0. Consequently, since 6 €
(0, \,d/(g(0) — m(0))), by Lemma 1.1, the equation —dAv, = Ovy(g(0) — m(vy))
with vy = 0 implies vy = 0. Thus (0, 0) is the only fixed point of 4, in K & K, i.e.
for the above choice of 6§

i(A,,intD, K& K) = deg(I — 44, N(0,0), (0,0)),
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where N(0, 0) is a small neighborhood of (0,0) in D. As is well known for a compact
positive operator 4 with fixed point Ay = y,
deg(I — 4,U(y),0) = index(L,0,C)

where U(y) is a small neighborhood of y, C is the positive cone, L is the Fréchet
derivative of 4 at y which is of course linear, and index(L,0,C) = (—1)° where o
is the sum of the multiplicities of the eigenvalues of L larger than one. So index = 1
provided r(L) < 1.

Now

| 0M(0,0) + P 0
0 d'9(g(0) —m(0)) + P |

Because 8 € (0, A;/M(0,0)) N (0, A,d/(g(0) — m(0))), therefore r(L) < 1, and we
have

i(Ag,int D, K & K) = deg(1 — 44, N(0,0), (0,0)) = index(L,0,K® K) =1

L=4,(0,0)=(=A+P)"

for all @ as above. But this holds for all § > 0 by the homotopy invariance property,
including 8 = 1. Since we are particularly dealing with the case (A.3), so we have
three trivial nonnegative solutions of (1): (0,0), (u,,0) and (0, v,). If we can show
0 = index(4, (0,0), K ® K ) = index(4, (U,,0), K & K)
= index(4, (0,V,), K ® K)
then there must be at least a positive solution (u,v) in D.

Note. In case (A.2) of Theorem 1.A, we have only two trivial nonnegative
solutions of (1): (0, 0), (#,,0), and need only to prove

0 = index(4, (0,0), K @ K) = index(4, (u,,0), K ® K).

(A) We investigate the case of y = (0, 0).

In this case Wy ={(f,¢) € Co(2) ® C,(2)](0,0) + v(f,¢) € K ® K for some
y > 0)}. So W, =K @& K. Let L =A4’(0,0). Then I — L is not invertible in E =
Co() ® CO(Q). (This can be verified when M(0,0) is one of the values
{A3 A5, ..., A, ... }.) We thus appeal to Theorem D’ in §2. We need to check that
I — L is invertible in Wy = K ® K and it is not a surjective map on Wy. Suppose
that

r , r r —_
(k)=A(0,0)(k), where(k)e W,.
This can be written in another form, namely

(=A+P) (P + M(0,0)r=r,
(=A+P)(P+d ' (g(0) — m(0))k = k.

From the second equation,

—Ak =d"'(g(0) —m(0))k, ks =0.
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But
d1(g(0) = m(0)) > A,,

whence d~!(g(0) — m(0)) must be one of {X,,A;,...,\,,...}, and consequently
k & K. Therefore k = 0. (In case (A.2), d”'(g(0) — m(0)) < A, so k = 0 follows.)

The first equation implies —Ar = M(0,0)r. Because M(0,0) > A, it follows that
M(0,0) € {A,, A,,...,\,,...} implies r & K. So I — L is invertible in W, = Wy,
= K@&K.

Next, we need to verify that 7 — 4’(0,0) = I — L is not a surjective map on W,
when M(0,0) € {A,,A,,...,A,....}. (Notice that if \; < M(0,0) # X, i > 2, then
I — A’(0,0) is invertible on E = C,(2) & C,(£2). We can thus apply Theorem D in
§2. We need only to check property a of A’(0,0) since VT/(O‘O) =K® K. S450,=000,
so A’(0,0) has property a iff A’(0,0) has an eigenvalue A > 1. Let ¢, be the
eigenfunction —A¢, = A¢;; then 4’0, 0)(¢;,0)7 = A(¢,, 0)" where A =
[P+ M(©0,0)]/(P + A;)> 1) Let M(0,0) =X, for some /> 2 and let ¢, be the
eigenfunction corresponding to A;: —A¢, = A,¢,. ¢, changes sign in Q. The nodes of
¢, divide @ into no more than / subdomains. So we can find a function ¢ € C,(§)
with ¢ (x) > 0 in £, such that [,¢¢, # 0, say, [oy¢, > 0 (the case in which
fo¥ ¢, < 0 can be treated similarly). Since ¢,(x) = 0 for x € 9%, there is a small
positive § > 0 along with the 8-neighborhood Uj of 9€2:

Us = [x € Qp(x,09) < 8]

such that max, cq ¥(x)fy, ¢/ < 5/ ¥¢, Denote by 75 > 0 the number
min ¢ g\, ¥(x)- (Recall that ¢(x) = 0 only if x € 9Q.) See Figure 2.

FIGURE 2
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There is a function ¢, in C°() which approximates ¥(x) according to the
estimate

anggl%(x) —-y(x)] < min{%, %n, g(max|¢,(x)| . measQ)_l}

where E = [y ¢, Then ¢,(x) > 0 for x E_Q\U‘s and [,¢¥,¢, > 0. This is because
Yi(x) > Y(x) —n/4 > 3n/4 > 0 for x € &\ U; and

|f9"""’" fo|< [ e -vllel< g

Therefore
E 3
L‘Pl¢/> j;z¢¢l“ i ZE>O-

Let Us, =[x € 2|p(x,09Q) < §/2). By a well-known extension theorem in anal-
ysis, there is a function ¢, € C*(Q) satisfying

¥o(x)=¢,(x) >0 forx € Q\U;,
¥,(x)=0 for x € Usy,,

¥,(x) =0 for x € © with max ¢,(x) < max ¢,(x).
xef xeQ

Then
-/;2 V.0, = /Q\Us Yoo, + st V.0, = -/;Z\t/s Y19, + st V29,

= fﬁ‘l/ld’/— '/Us ‘P1¢/+ st ‘P2¢1
> [ vor = max(x) = 9a(x)| - [ 1ol

=2 Joul[ max 4 (x) + max |4 (x) = s ()]

E 1
> E— g =21+ g)maxe () [ lo
E 10 _ E_E
ZE—‘Z—TX?—I>O.

So we get a function 0 < ¢, € C°(2) such that [,{,6, # 0. Now we denote
¢ = (—A + PI)y,; we claim that there is no function f such that (—A — A)f= ¢
with f|,q = 0. If such an f existed, then

/s;[(‘A"Al)f]@:/;zf[(‘A—A/)¢1]=‘/;Zf‘0=0

but the left-hand side equals

faq§¢,=js;[(—A+P)\P2]¢/=_/s;‘l’z[("A"'P)le]‘ﬁ/

=f¢2(A1+P)¢1=(>‘/+P)/ V.9, # 0.
Q Q
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(We have made use of the zero boundary condition in the above computation.) This
contradiction shows the nonexistence of the function f.
Now we take

(‘{}/Z) €K& K= Wq,,

where ¢ is an arbitrary element in K. We claim that there is no function pair (/)

satisfying
- wonff)- (4
(k a0.0(7) =[],
Suppose there is such an () and recall that
, o _1| M(0,0) + P 0
A0 =(=4+F) [ 0 P+f%ﬂ®—m@»l

We have from the first component that
f=(=A+P) ' (M(0,0)+P)f=y,.

Since ¢, € CZ(R), by the regularity of (—A + P)~!, f€ H}(Q), and we have
—-Af— M(©0,0)f=(—A+ P)y,, ie. (=A—X)f=¢. (Notice that we have set
M(0,0) = A ,.) This contradicts what we claimed in the preceding paragraph.

So I — A’(0,0) is not a surjective map on ”—/(0,0) = K ® K. By Theorem D’ in §2,
index( A4, (0,0), K® K)=0.

(B) We investigate the case of y = (u,,0).

In this case W = Cy(R)® K and

fu(“()~0) +P fi(uy,0)

0 d~'(g(uy) = m(0)) + P
where f(u,v) = uM(u,v). W_e claim first that / — L is invertible in W. = W(u”,())'
Otherwise there is an (;) € W, such that (;) = L(}). This means

—Ar = f,(uy.0)r + f,(u,,0)k, _‘Ak =d '(g(u) - m(0))k,
0<keK,r£0,(r.k)|,0=1(0,0).

The second equation implies [dA + (g(u,) — m(0))]k = 0. Suppose k # 0, then by
Lemma 2.1, A (dA + (g(u,) — m(0))1) = 0. This contradicts the assumption that
A (dA + (g(uy) — m(0))1) > 0. Therefore k = 0. We thus find that the first of the
above equations becomes

L=Au,0)=(-A+pP)"

(4.1) —Ar={(u,,0)r, rlse =0, r#0.
This is the linearization of the equation
(4.2) — Au = f(u,0) = uM(u,0), ulyo=0

at the point u,. Since (4.2) has a unique positive solution u,, by Proposition 2.7,
equation (4.1) has as its only solution r =0, so we get_k = 0 = r, provided
(1) =L(;)for(;) € W, I — L is therefore invertible in W, .

uy0)*
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In order to complete the proof of index(4,(uy,0), K & K) = 0, by Theorem D’
in §2, we claim I — L =1- A'(u,,0) is either invertible in the whole space
Co(2) ® Cy(2) or is not a surjective map on W(u".O)‘ If I — A'(uy,0) is invertible on
Co(2) ® Cy(2), where

1| fu(ug,0) + P fo(ug,0)
0 d~'(g(up) = m(0)) + P |

we need to check that A’(u,,0) has property a on W = Cy(R2) ® K, where y =
(44,0), S, = Cy(2) & 0. This means finding a w € W \S, and a ¢ € (0,1) such
that w — t4’'w € S,. Since A [dA + (g(uy) — m(O))I] by hypothesis is positive,
there is a function ¢ > 0 such that

dAg +(g(ug) —m(0))¢ = N, (dA +(g(ug) —m(0))I)¢ >0 inQ.
Therefore,

A(uy,0)=(-A+P)

(d"'(g(uy) —m(0)) + P)op > (—A + P)o,

le.

(=8 +P) (d ' (8(uy) = m(0)) + P)¢ > ¢.

Denote the operator (—A + P) (d (g(uy) — m(0)) + P)I by T; then T is a
compact positive operator and T¢ > ¢. By Lemma 2.3, r(T)> 1. The Krein-
Rutman theorem tells us that there is a function ¢ > 0 in € such that Ty =
r(T)y. Now W, = Cy(R) @ K, S, = Co(2) @0, W,\'S, = Cy(2) & K\ {0)}. Let
w=(y)€ W,\S, and 1 = [F(T)]"". Then Ty = r(T )y means exactly w — tA'w
€S, e A (u,.0) has property . So in this case, Theorem D applies; we have thus
index(A, (u,.0), Cy(Q) ® K) = index,, (4, (u,,0)) = 0, since C,(2) & K> K @ K.
By the properties of the local fixed point index and the fact that (K ® K)® #+ @, we
have index(A4, (u,,0), K® K)=10

If I — A'(uy,0) is not invertible in Cy(2) ® Cy(2) = E, then there is an (}) €

Cy(2) & Cy() such that
(/C) = A,(“()~O)(;;)~

{ —Ar = f,(uy,0)r + f,(u,.0)k,
—Ak =d"'(g(uy) — m(0))k, rlag = klag = 0.

Case 1. k = 0. Weget —Ar = f (u,,0)r, r|,o = 0.

By Proposition 2.7 this equation implies r = 0. So r = 0 = &, and we can rule out
this case.

Case 2. k # 0, k € Cy(Q).

From (4.3) we get k(x)=(—A+ P) '(d '(g(u,) — m(0)) + P)k so there is a
Y€ K=[¢>=0|¢p € Cy(R)]such that [k # 0. Denote ¢ = (—A + PI) Y, then
¢ € K by the positivity of the operator (—A + P) '. Consider the element

and we get

(4.3)

¢
( l) € Win = Co(Q)® K

¢
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where ¢, is an arbitrary element in Co(2). We claim that (') is not in the range
[/ — A'(uy, 0)]W,. If it is, then there exists a

(;ll)eco(ﬂ)eaK

such that

r 1| fu(ug,0) + P f,(u5,0)
(kl)_(_A+PI) [ 0 d‘l(g(uo)—M(O))+P]

n ) _ [
k, ¢/
It follows that —Ak, — d~!(g(u,) — m(0))k, = ¢. By the definition of ¢,

0% [ vk = [ (=8k = a7 (g(us) = m(O) k)

= [ k=8 = a7 (g(ue) = m(@)]k =0,

by (4.3). This contradiction establishes our claim. So I — A4’(u,, 0) is not a surjective
map on I'_V(u(ho). Therefore Theorem D’ applies, and we come to the conclusion that
index(A4, (u,,0), C,(£2) ® K) = 0 and therefore index( 4, (u,,0), K + K) = 0.

(C) We investigate the case of y = (0, vy).

(Note: in case of (A.2), our proof is completed, since v, = 0.) The discussion for
this case is quite similar to that of (B); we just simply give the outline of the proof.
In this case

L=A4(0,0,)

M(0,v,) + P 0
d_lvog’(O) d_l(g(o) - m("o) - Uom/(vo))l +P|

(1) We show I — L is invertible on W(O‘Uo) =Ko CO(S—Z). L(}) = () implies

=(-A+pP)"!

—Ar=M(0,v,)r,
—Ak =d vg’(0)r + d'l(g(O) - m(vy) — vom’(vo))k,
rlag = klag = 0.

Suppose 0 # r € K. From the first equation and Lemma 2.1 it follows that
AL (A + M(O0, vy)) = 0, which contradicts our assumption that A;(A + M(0, v,)) > 0.
So r = 0. Consequently by Proposition 2.7 we have k = 0.

(ii) We show I — L is either invertible in the whole space Cy(2) ® Cy(f2) = E or
not a surjective map on W(o,oo)-

If I — A’(0, vy) is not invertible on E, there exists (}) with

(/';) = A4'(0, Uo)(lr() where 0 # (Ir() € Cy(2) ® C)(9Q).
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This means
—Ar = M(0,v,)r,

—dAk = Uogl(O)’ +(8(0) - m(Uo) - Uoml(vo))k’
rlag = klae =0.

If r = 0, then we have k = 0 follows from Proposition 2.7.

If r # 0, remember we have shown in (i) that I — L is invertible on W_/y = W(o,uo)-
So by Theorem D’ we need only verify that 7 — L is not a surjective map. Since
r# 0, there is a ¢ € K, such that [oyr # 0. Denote ¢ = (—A + P) "y € K.
Consider (3) € —W(o‘uo) = K& Cy(2) where ¢, is an arbitrary element in Co( Q). We
claim that (11) is not in the range (I — L)W, , . If it were, then there exists

r _
( ‘) € Wy, = K® C(%)

ky
such that
M(0,v,) + P 0 i,
( ) (-A+P)” [d o (0) d"l(g(O)—m(vo)‘Uom'(Uo))+P}(k1)

()

This implies (—A + P)r, — (M(0,v,) + P)r; = (—A + P)¢; we thus have
—Ar, — M(0,v9)r, = ¢

and

0+ js;:[/r=L(—Arl—M(O,vo)rl)r=L)rl(—Ar—M(O,vo)r)=0

because —Ar = M(0, vy)r. This contradiction shows I — A4’(0, v,) is not a surjec-
tion. Consequently Theorem D’ applies and index(4, (0,v,), K ® K) =0

(ii1) Finally, we must show that if I — 4’(0,v,) is invertible on E, then L has
property a. Since S, , = 0 & Co(£), we have to find a w € W,\ S, with w — td'w
€ §,, where 7 € (0,1). Since p; = A (A + M(0,v,)1) > O, there is a positive eigen-
function ¢ such that (A + M(0,vy))¢ = p;¢ > 0. This implies (—A + P)¢ <
(M(0,v,) + P)$. Then by Lemma 2.3, r(T) = r[(—A + P)"{(M(0, v,) + P)] > 1
where T denotes the operator (—A + P)~}(M(0,v,) + P) which is compact and
positive. According to the Krein-Rutman theorem, there exists a ¢ € K such that

(=A + P) (M(0,05) + P)y = r(T) 4.

Now let w=(}) € W \S,=K@e C,(2), where y = (0,v,). Then it is easy to
check w — (1/r(T))A'w € S(O,v y=0@e Cy(R). Notice that t = 1/r(T) < 1. This
concludes the proof of property a. Therefore Theorem D applies, and

index(4,(0,v,), K® K) = 0.
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Combining these facts we have proved that
0 = index(4, (0,0), K ® K ) = index(4, (u,,0), K & K)
= index(4, (0,v,), K ® K)

and deg(A4, int D, K & K)= 1. We hence have proved the existence of a positive
solution of (1). O

REMARK. We have gone through the proof for Theorem 1.A. We have to point out
here the places where extra arguments are needed when going through the proof of
Theorem 1.B.

(1) Instead of the parametrized system (1.A), we use the system

{ —Au=60uM(u,v),

(1.B) —dAv = vg(u),  (u,0)]50=1(0,0).

From Theorem A’ in §2, the upper bound of v is independent of the diffusion rate
d,=0"", so we can assume that the positive solution (u4,v,) of (1.B), satisfies
vy < B, forall 8 € (0, o0). Of course 0 < uy < B, = C, + ¢ still holds (see §3).

(11) The other arguments of the proof of Theorem (1.B) are even simpler than
those in the proof of Theorem 1.A, because in this csase m = 0.

COROLLARY. Assume m(0) — g(0) > 0. Then the system (1) has a positive solution

if

,[(_A+ m(O);g(O))“(g(uo); g(0>),] o1

where r( L) represents the spectral radius of L.

PrROOF. Notice first that d '(m(0) — g(0)) > 0. So —A + d '(m(0) — g(0))/ is
invertible and the operator in brackets is compact and positive. We first show the
necessity. (1) has a positive solution implies A (dA + (g(u,) — m(0))I) > 0 by
Theorem 1.A, so there is a positive eigenfunction ¢ > 0:

dAy +(g(uy) = m(0))y = vy > 0,
where v, = A (dA + (g(uy) — m(0))1) and | ;o = 0. Therefore, we have
d™'(g(uy) — (0))y > (=4 +(m(0) - g(0))d ')y
So

(—A+ m(O);g(O))‘(g(u(,)d— 8(0))¢>¢’

and the result we want to prove follows from Lemma 2.3.
We next show the sufficiency. Since the operator in the brackets is compact and
positive, by the Krein-Rutman theorem, there is a positive function i on & such that

(_A+ m(O)—g(O)) ‘(g(u(,)—g(O)

y y )¢=r¢
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where r > 1 is the spectral radius. A simple computation shows

—g(0
~ay = (24250 - (m(0) - g(0)) ).
Since ¢ > 0, g(u,) — g(0) > 0 and r > 1, it is obvious that

—dby < [g(ue) = g(0) = (m(0) — g(0)]¥ = (8(uo) — m(0))y.
Integrating by parts over £ yields

df 1vel"< [ ((uo) = m(0))y*.
Thus

—d[ 194"+ [ (8(uo) = m(@)97 > 0.
Since

— 2 _ 2
o p IO fo(s(u) = mO)e
e HYQ) Jod

hence », > 0, i.e. A;(dA + (g(uy) — m(0))I) = v, > 0. Now the desired conclusion
follows immediately from Theorem 1.A. The argument to prove the assertion for
(1.B) is quite analogous to that given above. O

Note. This corollary generalizes the main result of §1 in [12].

Before going to our next theorem, a lemma is in order which generalizes the one
given by Conway, Gardner and Smoller [8] in the one dimensional setting in a
special form (see Theorem 2.7 in their joint paper).

’

LemMA 4.1. Let A=Y, a,(x)D;D; where a;;=a;,. Let B=1Y, b, (x)D,D,
b,; = bj;. Assume A and B are uniformly elliptic operators with zero Dirichlet boundary

conditions on & C R". Let

L (w) o Aw + a(x)w + b(x)z
z Bz + ¢(x)z

map CE**(Q) to C(Q). Then the spectrum of L consists of only the pure point
spectrum

0= (£ 600 b Y U{61,60,1 6, ),

where we denote by & > §&,> .-+ >§, > -+ the pure point spectrum of the
operator B + ¢(x)I, while 8, > 6, > --- > 8, > --- s the pure point spectrum of
the operator A + a(x)1.

The proof of Lemma 4.1 is a quite straightforward analogue of the original given
in Conway, Gardner and Smoller [8].

We assume hereafter M(0,0) # A, g(0) — m(0) # A\ d, and in case that m = 0,
we make all the assumptions in Theorem 1.B. Then we have

THEOREM 4.2. The system (1) has a positive solution iff all its trivial nonnegative
solutions are unstable.
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PROOF. (I) The necessity part. As we have seen, the possible trivial nonnegative
solutions are (0, 0), (u, 0), (0, v,). To prove the theorem we need only investigate the
linearization of the operator F at these trivial solutions, where F is

F=(u)»—> Au+ uM(u,v) .
v dAv + v(g(u) — m(v))
First of all, let (u,v) be a positive solution of (1). Then uy > u > 0, so by Lemma
1.1 M(0,0) > A,. We have
A+ M(0,0)] 0 ]

F, ,(0,0) =

«r(0.0) [ 0 dA +(g(0) — m(0))1

Since M(0,0) > A, therefore A,(A + M(0,0)/) > 0 and the spectrum of F, ,(0,0)
contains a positive point so (0, 0) is unstable. Next at (u, 0), we have

A+ M(ug,0) + ugM,(uy,0)1 ugM,(u,,0)1
Fuiluo. 0) = l 0 dh +(gug) —m(O))I}’

w Aw + [ M(uy,0) + ugM,(uy,0)]w + ugM,(u,,0)z
F, (u0.0)(%) = .

‘ dbz +(g(ug) — m(0))z
By Lemma 4.1, F, (u,,0) has only pure point spectrum o, given by o, =
(£.6,,...1 U {0,,0,,...} where {£,,£,,...} is the point spectrum of the operator
A+ [M(uy,0) + ugM,(uy,0)]1 while {6,,6,,...} is the point spectrum of the
operator dA + (g(u,) — m(0))I. From Theorem 1.A,

6, = A, (da +(g(u,) - m(O))I) > 0.
This means (u,, 0) is an unstable solution because o, contains a positive member.
In case that system (1) has the third trivial solution (0, v,) (not always!), then by

Lemma 1.1, g(0) > A,d + m(0). We have

A+ M(0,00)1 0
B0 =1 o) da +(g(0) = m(v) = oo (o)1

and
Fu‘v((), UO)(‘;}) _ [ , Aw + M(O, Uo)w / ]
008’ (0)w + dAz +(g(0) — m(vy) — vom’(v,))z
By Theorem 1.A again, A;(A + M(0,v,)1) > 0. Using Lemma 4.1 (strictly speaking,
an analogue of Lemma 4.1), we see that the spectrum of F, ,(0,v,) contains a

positive number. Therefore (0, v, ) is unstable too.
(I1) The sufficiency part. First of all, (0, 0) is a trivial nonnegative solution with

A+ M(0,0)1 0
F,,(0,0) = 0 dA +(g(0) = m(0)I]

So either A (A + M(0,0)) >0 or A, (dA + (g(0) — m(0))I) > 0, ie., either
M(0,0) > A, or g(0) > A,d + m(0). The possible cases are
(1) M(0,0) > A, g(0) < A\ d + m(0),
(i1) M(0,0) > Ay, g(0) > A, d + m(0),
(iii) M(0,0) < A, g(0) > A;d + m(0).
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We go through case (i) first. Since M(0,0) > A;, by Lemma 1.1, we have a trivial
nonnegative solution (u,,0). By our assumption it is unstable. The spectrum o, of
F, .(u,,0) contains a positive eigenvalue; according to Lemma 4.1 0, = {§,,§,,...}
U {6,,6,,...} where §, > §, > --- comprise the point spectrum of the operator
A + [M(uy,0) + uyM,(uy,0)]1 which is the linearization of the operator u — Au +
uM(u,0) at u,. It follows from Proposition 2.7 that £ < 0. This means that
{6,.0,,...} contains a positive number, because 6, > 8, > -- -, therefore, 8, > 0.
({0,,0,,...} is the point spectrum of the operator dA + (g(u,)— m(0))1.) It
follows from Theorem 1.A or 1.B that system (1) has a positive solution.

An argument similar to the above will work equally well for case (ii). Finally, we
point out that case (iii) will not occur. Since g(0) > A,d + m(0) by Lemma 1.1, the
equation

—dbdv = v(g(0) —m(v)), vy =0,

has a unique positive solution v,, i.e., the system (1) has a trivial nonnegative
solution (0, vy). By our assumption it is supposed to be unstable. So F, (0, v,) by
definition, has a positive number in its point spectrum o,. According to Lemma 4.1,
o, consists of {§,£,,...} U (6,,0,,...} where § > §, > --- are eigenvalues of
the operator A + M(0,v,)] and 6, > 8, > --- are eigenvalues of the operator
dA + (g(0) — m(vy) — vom’(vy))] (see part (I) of our proof). By Proposition 2.7,
6, < 0, so §; must be positive, i.e., A;(A + M(0,v,)I) > 0. But M(0,0) > M(O0, v,)
by hypothesis (M,), so we have A,;(A + M(0,0)I) > 0, which implies M(0,0) > A,.
Therefore case (iii) is impossible. This completes our proof. O
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